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Abstract

Volumetric properties of several low acentric factor fluids (Ar, CH4, C2H6, Kr, N2, Ne, O2, Xe) as well as CO2 are modeled using the Bender
equation of state. This equation is a linear function of 19 adjustable parameters, which are evaluated from properties data, using a linear
numerical procedure. The validity of the EOS is tested by calculating the Joule–Thomson inversion curve. A simple model is in particular
used to correlate the inversion properties predicted by the Bender equation, expressed in term of reduced pressure as a function of reduced
t iour
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emperatures ranging from 0.8 to 6. The simple correlation reproduces accurately the used data. We employ data on state behavρ(P, T )
f homogeneous fluid phases, vapour–liquid equilibrium, second virial coefficient and the coordinates of the critical point.
2004 Elsevier B.V. All rights reserved.
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. Introduction

The Bender equation of state[1], with 19 adjustable pa-
ameters, constitutes a good compromise between common
imple equations and more elaborated equations. It can re-
roduce with high fidelity the properties of the fluids in a
ide area of the thermodynamic surface, in both homoge-
eous fluid regions as well as at the vapour–liquid equilib-
ium curve. The Bender equation is generally written in terms
f the compressibility factorZ as a function of temperature
and densityρ:

= PM/RTρ = 1 + Bρ/R+ Cρ2/R+Dρ3/R+ Eρ4/R

+Fρ5/R+ (G+Hρ2)ρ2/R e−ρ2/a2
20 (1)

here

B = a1 + a2/T + a3/T
2 + a4/T

3 + a5/T
4,

C = a6 + a7/T + a8/T
2, D = a9 + a10/T,

∗ Corresponding author. Tel.: +216 73500244; fax: +216 73500514.
E-mail address:a.bellagi@enim.rnu.tn (A. Bellagi).

E = a11 + a12/T, F = a13/T,

G = a14/T
3 + a15/T

4 + a16/T
5,

H = a17/T
3 + a18/T

4 + a19/T
5. (2)

If a20 is set as usual equal toρc, Eq. (1) is a linear func
tion of the 19 adjustable fluid specific parameters which
be evaluated from properties data using a numerical fi
methods like that proposed by Cibulka et al.[2]. The valid-
ity of the equation is tested in the present paper not
by comparing the calculated volumetric properties with t
data values but also by comparing the Joule–Thomson i
sion curve predicted by the Bender equation with publis
inversion data. We show the importance of incorporati
derivative property like the second virial coefficient for
correct evaluation of the adjustable parameters. We con
in this paper only the low acentric factor fluids (Ar, CH4,
C2H6, Kr, N2, Ne, O2, Xe) as well as CO2. Table 1gives the
main characteristics of the considered fluids i.e., the cr
dataTc,Pc andZc, the Pitzer acentric factorω and the Boyle
temperatureTB.
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Table 1
Characteristics of the considerd fluids

Fluid Tc (K) Pc (kPa) Zc w [3] TB (K)

Ar 150.687 4863.0 0.2895 −0.00219 408
CH4 190.564 4599.2 0.2863 0.01142 508
C2H6 305.33 4871.8 0.2788 0.0993 747
Kr 209.48 5510.0 0.2918 −0.001714 579
Ne 44.4918 2678.6 0.3032 −0.0387 119
N2 126.192 3395.8 0.2894 0.0372 327
O2 154.581 5043.0 0.2879 0.0222 405
Xe 289.734 5840.0 0.2893 0.00363 798
CO2 304.1282 7377.3 0.2746 0.22394 722

2. Data sources

The (ρ, P, T) properties of the pure fluids, used in the
following fitting procedure, are taken from the NIST compi-
lation [3]. In particular, we used the following state data:

• gas phase:Z(T, ρ);
• liquid phase:Z(T, ρ);
• vapour–liquid equilibrium:Psat(T ), ρ(G)

sat (T ), ρ(L)
sat(T );

• gas–liquid critical point: (Zc, Tc, ρc).

The second virial coefficients are calculated either with their
most recent equations of state as given in[4]: Ar [5], CH4
[6], C2H6 [7], Ne [8], N2 [9], O2 [10] and CO2 [11] or taken
from the compilation in[12] (Kr, Xe).

Tables 2and3 give the ranges of used data groups and the
number of data points for each substance.

3. Numerical procedure

The proposed method is based on the minimization of the
sum of the pondered quadratic residues,φK, of the individual
data groups (Kis: G for gas; L for liquid; VLE for vapour–
liquid equilibrium; V for second virial coefficient) as objec-
tive functionΨ of the parameters vectora = (a1, . . . , a19):

Ψ

w

φ

φ

φ

φM is the Maxwell criterion at the vapour–liquid equilibrium:

φM =
nsat∑
k=1

{∫ ρLsat

ρGsat

(Z(cal)(a, Tsat,k, ρ)/ρ) dρ

− (Z(cal)(a, Tsat,k, ρ
(G)
sat,k) − Z(cal)(a, Tsat,k, ρ

(L)
sat,k))

}
.

(7)

Table 2
Ranges of data groups and number of data values for each considered
substance

Fluid Data group Range ofT (K) Range ofP (kPa) Number of
values

Ar G-data 85–700 8–100000 3584
L-data 85–150 800–100000 328
VLE-data 84–150 70.447–4734.6 34
V-data 84–700 125

CH4 G-data 100–600 8–100270 1530
L-data 100–190 2375–100000 469
VLE-data 100–190 34.376–4518.6 43
V-data 100–600 101

C2H6 G-data 180–625 8–70000 1715
L-data 180–305 1000–70000 523
VLE-data 179–305 74.330–4837.8 43
V-data 180–800 125

Kr G-data 116–800 8–100000 3896

VLE-data 80–154 30.123–4930.7 66
V-data 80–1000 185

Xe G-data 162–800 8–100000 3528
L-data 162–287 800–100000 635
VLE-data 162–289 84.849–5752.4 63
V-data 162–850 140

CO2 G-data 217–1100 8–100000 5576
L-data 217–302 1000–100000 445
VLE-data 217–304 527.22–7355.5 45
V-data 217–1100 179
(a) = wGφG + wLφL + wVLEφVLE + wVφV (3)

here

G =
nvap∑
i=1

[Z(G)
i − Z(cal)

i (a, Ti, ρ
(G)
i )]2 (4)

L =
nliq∑
j=1

[Z(L)
j − Z(cal)

j (a, Tj, ρ
(L)
j )]2 (5)

VLE =
nsat∑
k=1

{[(P (cal)(a, ρ(L)
sat,k, Tk) − Psat(Tk))/Psat(Tk)]

2

+ [(P (cal)(a, ρ(G)
sat,k, Tk) − Psat(Tk))/Psat(Tk)]

2

+φ2
M} (6)
L-data 116–206 800–100000 440
VLE-data 116–209 74.624–5443.4 46
V-data 116–800 138

N2 G-data 64–2000 8–100000 9897
L-data 64–124 800–100000 308
VLE-data 64–126 14.602–3364.5 59
V-data 64–2000 391

Ne G-data 25–700 8–100000 3691
V-data 25–700 136

O2 G-data 80–1000 8–82000 4818
L-data 80–150 800–82000 360
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The last term in Eq.(3) takes into account the residues of the
second virial coefficients:

φV =
nV∑
l=1

[BV(Tl) − B(cal)
V (a, Tl)]2. (8)

Group weight factorswi are used in Eq.(3) for balanc-
ing mutual weights among the different data sets (K=
G,L,VLE, V ). They are calculated in the same manner as
in [2].

Four constraints are imposed on the minimum ofΨ : the
three usual conditions at the critical point, constraintsf1, f2
andf3:

f1 = [Z(a, Tc, ρc) − Zc] = 0 (9)

f2 = {∂P(a, T, V )/∂V }T,CP = 0 (10)

f3 = {∂2P(a, T, V )/∂V 2}T,CP = 0 (11)

and that of the Boyle temperatureTB

f4 = BV(a, TB) = 0. (12)

The optimization problem is now stated as follows{
minΨ (a)

fm(a) = 0, m = 1, . . . ,4

}
. (13)

U ul-
t in
a

d

T aints
(

ata
g the

objective functionΨ in the form

Γ (a, λ) = αGwGφG + αLwLφL + αVLEwVLEφVLE

+αVwVφV + αCP {λ1f1 + λ2f2 + λ3f3}
+αBλ4f4 (15)

By affecting values 1 or 0 to the coefficientsαK, a par-
ticular data group may be retained in (αK = 1) or re-
jected from (αK = 0) the calculations. Several combina-
tions of data groups with various vectors{αK}, (K =
G,L,VLE, V, CP,B) are considered.

The set of linear equations can be rearranged and written
in matrix form as

βX = γ (16)

with

X = {a1, a2, · · · a19, λ1, λ2, λ3, λ4}T (17)

and

β =



β1,1 · · · β1,23

...
...

β23,1 · · · β23,23


 , γ = (γ1, · · · · · · γ23)

T (18)

The vectorX (Eq. (17)) is found by solving numerically
E
s

for
t m-
p
s of
t ters
a

P

T
R

∂Z

0.00

0.637
0.00
0.00
0.00
0.00
0.00

0.00 6
0.00
0.00

1.21
1.55

V

sing the Lagrangian multipliers method with the four m
ipliers λ1, λ2, λ3 andλ4 for the four constraints, we obta
system of 19 equations in 23 unknowns

Ψ(a) +
∑
m=1,4

λm dfm(a) = 0. (14)

he missing 4 equations are the imposed constr
Eqs.(9)–(12)).

In order to investigate the influence of the individual d
roups on the predictive quality of the EOS, we write

able 3
esults of selected vectors{αK} for nitrogena

αi G L

G L VLE V CP B ∂rZ (%) ∂Z ∂rZ (%)

All data
1 1 1 1 1 1 0.29 0.003 0.52
G-data
1 0 0 0 0 0 0.06 0.000 ***
1 1 0 0 0 0 0.11 0.001 0.32
1 1 1 0 0 0 0.23 0.002 0.40
1 1 1 1 0 0 0.24 0.003 0.4
1 1 1 1 0 1 0.26 0.003 0.44
1 1 1 0 1 0 0.23 0.002 0.33
L-data
0 1 0 0 0 0 83.19 0.982 0.07
0 1 1 0 0 0 3.71 0.042 0.18
1 1 0 0 1 0 0.30 0.001 0.63
VLE-data
0 0 1 0 0 0 17.23 0.227 78.96
0 0 1 0 1 0 23.81 0.318 92.89

alues of deviations equal to or more than 100% are denoted by ***.
q. (16) using the Harwell subroutine MA29D[14] for a
ymetricβ matrix [15]. (Tables 3–5)

To test the predictive capability of the Bender equation
he description of the vapour–liquid equilibrium, we co
are the saturation properties (Psat,cal, ρ

(G)
sat,cal, ρ

(L)
sat,cal) at a

elected temperatureT as calculated by solving the set
he two non-linear equations with the resulting parame
= {ai}:
(a, T, ρ(G)

sat,cal) = P(a, T, ρ(L)
sat,cal) (19)

VLE V CP

∂rPL (%) ∂rPG (%) ∂rBV (%) ∂BV (m3 mol−1) ∂rZc (%)

2 0.61 0.24 5.75 0.001 0

*** 0.57 6.33 0.001 4.11
0 10.74 1.42 11.20 0.002 −8.28
2 0.52 0.17 19.90 0.002 −0.71
2 0.55 0.09 7.73 0.001 −1.17
2 0.55 0.10 4.48 0.001 −1.29
1 0.50 0.27 30.71 0.003 0

0 0.41 53.51 *** 0.641 30.8
0 0.53 0.08 *** 0.045 0.39
1 0.72 0.31 10.51 0.001 0

8 0.04 0.01 *** 0.092 0.19
3 0.09 0.04 *** 0.104 0
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Table 4
Confidence intervals and standard error for each parameter of the Bender
EOS in the case of nitrogen for the fit withα = {1,0, 0, 0, 0, 0}
Parameters Estimate CI S.E.

a1 × 103 9.66475 9.60608; 9.67258 0.00001
a2 −0.242837 −0.315011;−0.219469 0.02437
a3 × 10−2 −12.3958 −12.4736;−12.1351 8.63436
a4 × 10−4 12.0759 11.6828; 12.1928 1301.01
a5 × 10−6 −4.83593 −4.89985;−4.64306 65501.6
a6 × 105 1.3997 1.38824; 1.45372 1.67035× 10−7

a7 × 104 −6.15479 −8.41118;−1.135 0.00019
a8 −0.194958 −0.200924;−0.18034 0.00525
a9 × 109 −7.60305 −9.31186;−7.0441 5.7845× 10−10

a10 × 105 1.060184 0.864239; 1.15428 7.3982× 10−7

a11 × 1011 2.79557 2.75756; 2.97717 5.6018× 10−13

a12 × 108 −1.61611 −1.75178;−1.37629 9.5777× 10−10

a13 × 1011 1.50808 1.4038; 1.56836 4.1976× 10−13

a14 × 10−2 −2.30933 −2.35535;−2.18602 14.522
a15 × 10−4 10.05986 9.78314; 11.0648 3269.3
a16 × 10−5 −85.49781 −91.8327;−83.564 210915
a17 × 104 −4.30436 −5.27453;−2.77599 0.00006
a18 0.137114 0.092618; 0.161308 0.01752
a19 −0.192710 −0.2193113;−0.187131 0.0250

R2 = 0.999982.

φM = 0 (20)

with the saturation data. The solution of the set of Eqs.(19)
and (20)is obtained by means of a non-linear procedure
[16].

Table 5
Parameters of the Bender equation of state of nitrogen for selected vectors
{αK}
αG 1 1 1
αL 0 1 1
αVLE 0 1 1
αV 0 0 0
αCP 0 0 1
αB 0 0 0
a1 × 102 0.9665 1.0132 1.0052
a2 −0.2428 −1.7775 −1.3923
a3 × 10−2 −12.3958 −3.4055 −3.5533
a4 × 10−4 12.0759 −0.8036 −1.0208
a5 × 10−5 −48.3594 1.9298 2.2115
a6 × 105 1.3997 2.0374 1.9125
a7 × 103 −0.6155 −8.0088 −9.2313
a8 −0.1949 0.3743 0.4509
a9 × 109 −7.6030 −9.3718 −5.8968
a10 × 105 1.0602 2.1536 2.1982
a11 × 1011 2.7956 4.8521 4.9045
a12 × 108 −1.6161 −3.6394 −3.6235
a13 × 1011 1.5081 2.4310 2.3827

4. Results

In order to specify the adequate ranges of temperature and
pressure for each pure substance, we fit the individual data
groups separately by affecting different values to the coef-
ficients{αK} = {αG, αL , αVLE , αV, αCP, αB} in the expres-
sion of the objective functionΓ (a, λ) (Eq.(15)). For example,
if we consider only the gas phase data, the termsφK,K 
= G
are rejected from the objective functionΓ by affecting zero
to all αK coefficients except forαG. The adjustable param-
eters resulting from the fit with{αK} = {1,0, 0, 0, 0, 0} are
then used to calculate the gas phase properties which are then
compared to their data values[3]. Similarly are treated the ho-
mogeneous liquid phase and the vapour–liquid equilibrium,
with {αK} = {0, 1,0, 0, 0, 0} and {αK} = {0, 0, 1,0, 0, 0},
respectively. The results obtained for the considered sub-
stances show a satisfactory description of the state behaviour
(ρ − P − T ) in the homogeneous fluid regions as well as at
the vapour–liquid equilibrium in the specific ranges of tem-
perature and pressure (Tables 6–14). Several combinations
of data groups are considered with various vectors{αK}. We
can so investigate the influence of fitting with an individual
data group or a combination of data groups on the properties
of the others as well as test if the incorporation of the consid-
ered data set into the calculation is necessary for a reliable
Bender equation.

ata
v ndard
d

R

A

w
ni-

t rest
o ram-
e
w ).
A the
c ogen
f
t nifi-
c pact
l sub-
s of
t ty of
t

4

cted
c

a14 × 10−2 −2.3093 0.1048 −0.0845
a15 × 10−4 10.0598 0.9865 1.2281
a16 × 10−5 −85.4978 −6.5933 −7.4913
a17 × 104 −4.3043 −3.191 −3.9388
a18 0.1371 0.1084 0.1300
a19 −0.1927 −0.4338 −0.8534
a20 ρc ρc ρc
The deviations of calculated properties from their d
alues are expressed by means of the root of the sta
eviation RAADr and AAD, defined for a propertyθ as

AADr/% = 100

N

N∑
i=1

|(θ − θcal)/θ|i (21)

AD = 1

N

N∑
i=1

|θ − θcal|i (22)

hereN is the number of data points.
In the following, we will discuss in detail the case of

rogen as illustration of the procedure adopted. For the
f the considered fluids, we just present the resulting pa
tersai for the general fit with{αK} = {1,1,1,1,1,1} as
ell as the corresponding RAADr and AAD (Tables 6–14
n analytical estimation of the standard error as well as
onfidence intervals of each parameter in the case of nitr
or the fit of single phase gas (α = {1,0, 0, 0, 0, 0}), shows
hat at the most two figures of each parameter are sig
ant (Table 4). Through this study, approximative com
ist of fitting parameters is given for each considered
tance (Tables 5–14). As shown inTables 6–14, the use
he new compact list does not affect the predictive quali
he volumetric properties.

.1. Correlations of data groups for nitrogen

Table 3is structured into several items, where sele
ombinations of data groups for various vectorsα, K =
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Table 6
Parameters of the Bender EOS and statistical characteristics for argon for the fit with{αK} = {1,1,1,1,1,1}
Parameters
a1 = 5.1106× 10−3, a2 = −1.2870,a3 = −3.3752× 102, a4 =

5.2246× 103, a5 = −1.5031× 105
a11 = 5.5901× 10−12, a12 = −3.1318× 10−9, a13 = 1.5332×
10−12, a14 = 1.0057× 102, a15 = −2.1466× 104

a6 = 6.7915× 10−6, a7 = −1.5428× 10−3, a8 = 0.1344,a9 =
−1.7997× 10−9, a10 = 2.3236× 10−6

a16 = 1.1965× 106, a17 = −4.3144× 10−4, a18 = 0.1222, a19 =
−6.3172,a20 = 5.356× 102

Statistical characteristics
G-data wG = 1.0,∂rZ = 0.31%,∂Z = 0.003
L-data wL = 10.92,∂rZ = 0.44%,∂Z = 0.002
V-data wV = 28.67,∂rBV = 12.68%,∂BV = 0.002
VLE-data wVLE = 105.41, ∂rPL = 1.3%, ∂rPG = 0.17%, ∂rρ

(L)
sat = 0.17%,

∂rρ
(G)
sat = 0.96%

Table 7
Parameters of the Bender EOS and statistical characteristics for methane for the fit with{αK} = {1,1,1,1,1,1}
Parameters
a1 = 1.9019× 10−2, a2 = −6.5728, a3 = −1.5739× 103,
a4 = 2.1534× 103, a5 = 1.4211× 105

a11 = 6.7980× 10−10, a12 = −5.5187× 10−7, a13 = 8.3738×
10−10, a14 = 9.0544× 102, a15 = −1.8231× 105

a6 = 6.5279× 10−5, a7 = −1.9498× 10−2, a8 = 2.4709,
a9 = −6.2110× 10−8, a10 = 1.2398× 10−4

a16 = 1.4017× 107, a17 = −4.9113× 10−2, a18 = 2.0014× 101,
a19 = −1.2579× 103, a20 = 1.6266× 102

Statistical characteristics
G-data,wG = 1.0 ∂rZ = 0.21%,∂Z = 0.002
L-data,wL = 3.26 ∂rZ = 0.33%,∂Z = 0.003
V-data,wV = 15.14 ∂rBV = 8.03%,∂BV = 0.001
VLE-data wVLE = 35.58, ∂rPL = 0.56%, ∂rPG = 0.13%, ∂rρ

(L)
sat = 0.16%,

∂rρ
(G)
sat = 0.97%

Table 8
Parameters of the Bender EOS and statistical characteristics for ethane for the fit with{αK} = {1,1,1,1,1,1}
Parameters
a1 = 2.2048× 10−2, a2 = −14.8680,a3 = −4.9390× 102,
a4 = −5.6568× 105, a5 = 3.0515× 107

a11 = 1.2429× 10−10, a12 = −2.8726× 10−8, a13 = 2.4845×
10−10, a14 = 4.1160× 102, a15 = 5.2327× 104

a6 = 6.9231× 10−6, a7 = 1.0396× 10−2, a8 = 5.4227,
a9 = 1.6384× 10−7, a10 = −1.02× 10−4

a16 = −6.6722× 107 a17 = −0.1286, a18 = 6.3893× 101, a19 =
−3.6942× 103, a20 = 2.070× 102

Statistical characteristics
G-data wG = 1.0,∂rZ = 0.54%,∂Z = 0.005
L-data wL = 3.27,∂rZ = 0.26%,∂Z = 0.002
V-data wV = 13.72,∂rBV = 3.04%,∂BV = 0.001
VLE-data wVLE = 39.88, ∂rPL = 0.77%, ∂rPG = 0.14%, ∂rρ

(L)
sat = 0.09%,

∂rρ
(G)
sat = 0.58%

Table 9
Parameters of the Bender EOS and statistical characteristics for krypton for the fit with{αK} = {1,1,1,1,1,1}
Parameters
a1 = 3.1860× 10−3, a2 = −1.3887, a3 = −2.4604× 102,
a4 = −1.1092× 104, a5 = 3.8876× 105

a11 = 4.9629× 10−13, a12 = −4.0074× 10−10, a13 = 1.4205×
10−13, a14 = 2.2258× 101, a15 = −1.9302× 103

a6 = 1.5687× 10−6, a7 = −3.0953× 10−4, a8 = 0.1022,
a9 = 4.5100× 10−10, a10 = 1.7482× 10−7

a16 = −5.2138× 105, a17 = −1.0767× 10−4, a18 = 3.4194× 10−2,
a19 = −1.1637,a20 = 9.084× 102

Statistical characteristics
G-data wG = 1.0,∂rZ = 0.31%,∂Z = 0.003
L-data wL = 8.85,∂rZ = 0.36%,∂Z = 0.002
V-data wV = 28.23,∂rBV = 11.98%,∂BV = 0.002
VLE-data wVLE = 84.69, ∂rPL = 0.85%, ∂rPG = 0.06%, ∂rρ

(L)
sat = 0.14%,

∂rρ
(G)
sat = 0.57%
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Table 10
Parameters of the Bender EOS and statistical characteristics for neon for the fit with{αK} = {1,1,1,1,1,1}
Parameters
a1 = 6.1712× 10−3, a2 = −0.2386,, a3 = −7.5748× 101,
a4 = 2.2144× 103, a5 = −2.6381× 104

a11 = 2.201× 10−12, a12 = 6.2366× 10−10, a13 = 2.81× 10−13,
a14 = −2.0708× 101, a15 = 2.0279× 103

a6 = 2.6707× 10−6, a7 = 1.0554× 10−3, a8 = −7.9161×
10−3, a9 = 2.9108× 10−9, a10 = −1.4130× 10−6

a16 = −5.0109× 104, a17 = 5.6119× 10−6, a18 = −7.6984× 10−4,
a19 = 3.0147× 10−2, a20 = 4.8191× 102

Statistical characteristics
G-data wG = 1.0,∂rZ = 0.01%,∂Z = 0.001
V-data wV = 27.13,∂rBV = 3.47%,∂BV = 0.000

Table 11
Parameters of the Bender EOS and statistical characteristics for nitrogen for the fit with{αK} = {1,1,1,1,1,1}
Parameters
a1 = 1.0809× 10−2, a2 = −2.6663, a3 = −2.6713× 102,
a4 = −6.0196× 103, a5 = 1.7340× 105

a11 = 3.7714× 10−11, a12 = −1.8692× 10−8, a13 = 1.7616×
10−11, a14 = 1.4065× 102, a15 = −2.5755× 104

a6 = 1.5194× 10−5, a7 = −2.7664× 10−3, a8 = 0.2643,
a9 = 6.8534× 10−9, a10 = 6.2324× 10−6

a16 = 1.3066× 106, a17 = −1.6227× 10−3, a18 = 0.4203, a19 =
−1.8948× 101, a20 = 3.1330× 102

Statistical characteristics
G-data wG = 1.0,∂rZ = 0.29%,∂Z = 0.003
L-data wL = 32.13,∂rZ = 0.52%,∂Z = 0.002
V-data wV = 25.31,∂rBV = 5.75%,∂BV = 0.001
VLE-data wVLE = 167.74, ∂rPL = 0.61%, ∂rPG = 0.24%, ∂rρ

(L)
sat = 0.12%,

∂rρ
(G)
sat = 0.91%

Table 12
Parameters of the Bender EOS and statistical characteristics for xenon for the fit with{αK} = {1,1,1,1,1,1}
Parameters
a1 = 2.5349× 10−3, a2 = −1.3864, a3 = −4.9994× 102,
a4 = −7.0781× 103, a5 = 5.6026× 105

a11 = −7.1791× 10−14, a12 = 1.0748× 10−10, a13 = 3.2873×
10−14, a14 = 2.7647× 101, a15 = 1.3347× 103

a6 = −1.2329× 10−7, a7 = 5.9897× 10−4, a8 = 0.1013,
a9 = 1.3338× 10−9, a10 = −7.7897× 10−7

a16 = −3.9274× 106, a17 = −1.589× 10−4, a18 = 6.6339× 10−2,
a19 = −2.1472,a20 = 11.00× 102

Statistical characteristics
G-data wG = 1.0,∂rZ = 0.43%,∂Z = 0.004
L-data wL = 5.55,∂rZ = 0.41%,∂Z = 0.002
V-data wV = 25.2,∂rBV = 5.54%,∂BV = 0.002
VLE-data wVLE = 56,∂rPL = 0.79%,∂rPG = 0.04%,∂rρ

(L)
sat = 0.11%,∂rρ

(G)
sat =

0.55%

G, L,VLE,V,CP,B are considered. From the fit withα =
{1,0, 0, 0, 0, 0}, it is obvious that the volumetric properties
(Z, P) for the gas phase are mutually consistent, with an
overall RAADr lower then 0.06%, but the liquid phase re-
gion is not described correctly since the predicted values are
more than 100% apart from the data. On the contrary, the

use of L-data alone, corresponding toα = {0, 1,0, 0, 0, 0},
results in a good description of the liquid phase properties,
but leads to significant deviations in the gas phase region with
an overall RAADr for the compressibility factorZG and the
pressurePG higher than 83 and 53%, respectively. When
both of these data sets are considered,α = {1,1,0, 0, 0, 0},

Table 13
Parameters of the Bender EOS and statistical characteristics for oxygen for the fit with{αK} = {1,1,1,1,1,1}
Parameters
a1 = 1.0286× 10−2, a2 = −3.735, a3 = −1.5354× 102,
a4 = −9.1063× 103, a5 = 2.3839× 105

a11 = −2.7781× 10−12, a12 = 1.4746× 10−9, a13 = 2.2205×
10−12, a14 = 1.0410× 102, a15 = −2.2781× 104

a6 = −3.5843× 10−6, a7 = 2.8114× 10−3, a8 = 0.1379,
a9 = 2.5432× 10−8, a10 = −6.5938× 10−6

a16 = 1.0584× 106, a17 = −6.2873× 10−4, a18 = 0.1909, a19 =
−8.5967,a20 = 4.361× 102

Statistical characteristics
G-data wG = 1.0,∂rZ = 0.22%,∂Z = 0.002
L-data wL = 13.38,∂rZ = 0.66%,∂Z = 0.004
V-data wV = 26.04,∂rBV = 9.24,∂BV = 0.001
VLE-data wVLE = 73,∂rPL = 1.26%,∂rPG = 0.15%,∂rρ

(L)
sat = 0.11%,∂rρ

(G)
sat =

0.71%
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Table 14
Parameters of the Bender EOS and statistical characteristics for carbon dioxide for the fit with{αK} = {1,1,1,1,1,1}
Parameters
a1 = 9.2695× 10−3, a2 = −5.6387, a3 = −3.7608× 102,
a4 = −2.9838× 105, a5 = 1.4837× 107

a11 = 4.9083× 10−12, a12 = −9.2096× 10−10, a13 = 3.7029×
10−12, a14 = −1.7365× 103, a15 = 1.1409× 106

a6 = 4.1742× 10−6, a7 = 1.5959× 10−3, a8 = 1.1767,
a9 = 1.1034× 10−8, a10 = −8.3435× 10−6

a16 = −1.8758× 108, a17 = −2.0563× 10−4, a18 = −1.2645,a19 =
5.3148× 102, a20 = 4.676× 102

Statistical characteristics
G-data wG = 1.0,∂rZ = 0.09%,∂Z = 0.000
L-data wL = 12.53,∂rZ = 0.29%,∂Z = 0.001
V-data wV = 31.15,∂rBV = 3.01%,∂BV = 0.000
VLE-data wVLE = 123.91, ∂rPL = 0.45%, ∂rPG = 0.09%, ∂rρ

(L)
sat = 0.09%,

∂rρ
(G)
sat = 0.17%

the liquid and the gas phases are correctly described but
the vapour–liquid equilibrium is not accurately predicted,
with a relative deviation of about 11%. Similarly, the evalu-
ation of the Bender equation parameters withαVLE = 1, re-
sults in a good description of the vapour–liquid equilibrium
as illustrated inTable 3. The fit withα = {1,1,1,0, 0, 0}
leads to an overall good agreement with the basic data for
the homogeneous phases as well as the saturation properties
with an overall RAADr ranging from 0.2% to 0.5%. We can
then conclude on the necessity of incorporating each data
group for the obtention of a reliable equation of state de-
scribing accurately the state behaviour of the homogeneous
fluid regions as well as the vapour–liquid equilibrium. A
good description of the second virial coefficient is obtained
from the fit of single phase gas data (α = {1,0, 0, 0, 0, 0}),
which is not the case of the other combinations of data
groups without reference to the second virial coefficients data
(αV = αB = 0). However the inclusion of virial coefficients
for the fit with α = {1,1,1,1,0, 1} or α = {1,1,1,1,1,1}
leads to improved description of this property with an over-
all RAADr ranging from 4.5% to 5.7%. Large deviation at
the critical point is observed (∂rZc = 30.7%) for the fit with
α = {0, 1,0, 0, 0, 0}. On the other hand, the inclusion of the
coordinates of the critical point withαCP = 1 does not affect
significantly the predictive capability of the equation for the
other data groups but leads to a good description at the crit-
i d
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e ge
d rip-
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o
s of
t virial
c
i d
t ion,
w e,
α ch
i via-
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the second virial coefficients data will be shown in the next
paragraph by the prediction of the Joule–Thomson inversion
curve.

4.2. Joule–Thomson inversion curve from the Bender
EOS

The Joule–Thomson inversion curve (JTIC) is the locus
of states of the thermodynamic surface where the fluid tem-
perature is invariant upon isenthalpic expansion:

(∂T/∂P)H = 0 (23)

This criterion can be written in several alternative forms, in
particular in the following form suitable for the Bender EOS

Tr(∂Zr/∂Tr)ρr − ρr(∂Zr/∂ρr)Tr = 0 (24)

JTICs are usually represented in the reduced tempera-
ture (Tr := T/Tc) and reduced pressure (Pr := P/Pc) plane,
whereTc andPc are, respectively, the critical temperature
and pressure. The JTIC passes through a maximum pressure
at intermediate tempearture and goes to zero at a maximum
inversion temperature.

It is known that the prediction of the Joule–Thomson in-
version curve constitues a rather severe test of an equation of
state.

Fig. 1shows the nitrogen inversion curves for two selected
fits in comparison to published data. Curve c1 results when
using all data groups,α = {1,1,1,1,1,1}, while curve c2

Table 15
Characteristics of the Joule–Thomson inversion curve for each considered
substance

Fluid Tr Pr Tr,max

Ar 2.26 11.7373 5.04
CH4 2.26 11.6574 5.0
C2H6 2.16 12.1326 4.72
Kr 2.24 11.5088 5.22
Ne 2.38 11.137 4.9
N2 2.22 11.5354 4.9
O2 2.22 11.474 5.1
Xe 2.20 11.3985 5.16
CO2 1.92 12.4181 4.5
cal point. The fit withα = {1,1,1,0, 1,0} leads to a goo
escription of both single phase regions, the vapour–li
quilibrium and the critical point, with a low relative avera
eviation (0–0.5%) but the second virial coefficient desc

ion is worsened. We see inTable 5that the parametersai
btained from the fit withα = {1,1,1,0, 0, 0} do not differ
ignificantly from the fit with inclusion of the coordinates
he critical point. The case of the last data set, the second
oefficients, is worthy of closer consideration. FromTable 3it
s seen that equal good prediction of thePVTproperties an
he critical point are performed with the Bender equat
ith reference,α = {1,1,1,1,1,1}, and without referenc
= {1,1,1,0, 1,0}, to the second virial coefficients, whi

s not the case of virial coefficients, with a relative de
ion of about 31% forαV = αB = 0. The real importance
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Fig. 1. Comparison between calculated and published inversion data for nitrogen.

is predicted by the fit withα = {1,1,1,0, 1,0} without the
second virial coefficients data. Up toTr = 3.5, a good agree-
ment between both curves is observed. But the behaviour of
c2 becomes erratic for larger values of the reduced tempera-
ture. On the contrary, inversion curve c1 agrees with all the
published inversion data[4,9,17–19]of the fluid on the whole
reduced temperature range. A good prediction of theTr,max
is also observed.

We have calculated the inversion curves c1 and c2 for all
considered fluids and made the same observation: in each
case the inversion curve predicted by the Bender equation
with reference to the second virial coefficient is more realis-
tic than the one calculated without reference to these data.
A further illustration of the good prediction of the inver-
sion curve c1 is seen inFig. 2 for the case of carbon diox-
ide. InTable 15the coordinates of the peak of the inversion
curves and the maximum inversion temperatureTr,maxas pre-

dicted by the Bender equation are given for the considered
substances.

5. Correlation of the inversion data of low acentric
factor fluids

It is known that the inversion effect obeys the correspond-
ing state principle. In order to establish a corresponding state
correlation for the seven low acentric factor fluids consid-
ered here (Ar, CH4, Kr, Ne, N2, O2, Xe), we applied the
structural optimisation technique developed by Wagner that
we implemented earlier[21] in Mathematica® (version 4.1).
The simple correlation obtained:

Pr = 31.541− 58.389 e−Tr − 6.194Tr (25)

is very similar to the universal equation correlating most of
the published inversion data for low acentric factor gases

F perime S
[

ig. 2. JTIC of carbon dioxide predicted by: (©) the Bender EOS; () ex
20].
ntal data[20]; (�) compressibility factor[20] and (—) the span Wagner EO
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Fig. 3. Comparison between the JTIC predicted by the correlation of Eq.(25)and the published model of Eq.(26)as well as the used data.

established by our research group recently[21]:

Pr = 32.771− 60.859 e−Tr − 6.535Tr (26)

As shown inFig. 3, the simple correlation of Eq.(25) de-
scribes adequately the used data for the set of considered
fluids as well as the inversion data predicted by the model of
Eq.(26).

6. Conclusion

The evaluation of the Bender equation parameters yields
satisfactory results of the description of the state behaviour
of homogeneous fluid regions as well as the vapour–liquid
equilibrium curve. The validity of the equation is tested by
predicting the Joule–Thomson inversion curve. A substantial
result of this study is to show the importance of incorporating
a derivative property like the second virial coefficient for the
correct evaluation of the EOS parameters. The inversion data
predicted by the Bender EOS for several low acentric factor
fluids (Ar, CH4, Kr, Ne, N2, O2, Xe) are correlated with a
simple model in terms of reduced pressure as a function of
reduced temperature.

Nomenclature

a

B

C
f
H
M
N
P

R universal gas constant
S entropy
S.E. standard error
T temperature
V volume
Z compressibility factor
w weighing factor

Greek letters

ρ mass density
Ψ,Γ objective function
λ Lagrangian multipliers
∂ partial derivative
ω acentric factor

Subscripts

B Boyle
cal calculated
CP, c critical point
G, vap gas phase
L, liq liquid phase
r relative
sat at saturation
VLE vapour–liquid equilibrium
V

S

c
f
g

i adjustable parameters of the Bender equation
V second virial coefficient
I confidence intervals

fugacity
enthalpy
molar mass

, n number of values
pressure
second virial coefficient

uperscripts

al calculated
, L liquid phase
, G gas phase
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